Two crucial aspects to the problem of portfolio selection are the specification of the model for expected returns and their covariances, as well as the choice of the investment policy to be adopted. A common trade-off is to consider dynamic covariance specifications vis-a-vis static models such as those based on shrinkage methods. This work empirically shows that these two aspects are intrinsically attached to the impact of transaction costs. To address this question, we implement a broad range of covariance specifications to generate a set of 16 portfolio selection policies over a period of 25 years in a high dimensional sample composed of 69 stocks belonging to the S&P100 index. We find that, in the absence of transaction costs, GARCH-type dynamic covariances deliver portfolios with similar riskadjusted performance with respect to those obtained with static covariance specifications. In more realistic scenarios involving alternative levels of transaction costs, portfolios based on static covariance models consistently outperform as they demand a much lower level of portfolio turnover. In particular, we find that a risk-averse investor with quadratic utility function is willing to pay an annualized fee of 291 basis points (bp) on average in order to switch from the dynamic covariance models to a benchmark static covariance specification when the level of transaction costs is 20 bp. Finally, portfolio policies that seek to alleviate estimation error by ignoring off-diagonal covariance elements such as those proposed in Kirby and Ostdiek (2012) are more robust specially in scenarios with higher transaction costs.
Introduction
This paper is concerned with the problem of the choosing the most appropriate covariance specification for high dimensional portfolio selection and optimization. This choice is of paramount importance since the specification of the covariance matrix of asset returns is a key ingredient to many portfolio selection problems. Markowitz (1952) , for instance, created the basis for the modern portfolio theory by showing the way in which variances and covariances influence portfolio risk and risk-adjusted portfolio returns. Since then, academics and market practitioners seek to enhance covariance modeling using a myriad of methods and models.
The literature points to an ample range of possible ways of modeling covariances. The most immediate choice is usually between static or dynamic models. Dynamic models are based on the idea that next period's covariances depends on the covariances of previous periods, being updated according to alternative autoregressive structures such as multivariate GARCH and stochastic volatility models; see Bauwens et al. (2006) and Silvennoinen and Teräsvirta (2009) . Static models, in constrast, are those in which which there is no autoregressive covariance dynamics and, because of that, are usually more parsimonious and easier to implement than their dynamic counterparts. The most common static models are those in which the covariance matrix is unconditionally estimated based on a sample of asset returns or, alternatively, estimated based on a factor model that captures cross-sectional characteristics of asset returns. Among static models commonly employed in portfolio selection problems are the ones that reduce estimation error by shrinking the sample covariance matrix towards alternative targets such as those proposed in Wolf (2003a,b, 2004) .
To ground the decision of which type of covariance model to adopt, usually are taken into account pros and cons of each approach as, for example, ease of implementation, processing cost, as well as the ability to capture stylized facts in the covariance profile among the assets. One central aspect that must be taken into account while choosing the most appropriate covariance specification is that dynamic models usually posses the highest implementation requirements when compared to their static counterparts due to their increased parameterization. This leads to more estimation error and negatively impact portfolio performance, due to demanding more frequent portfolio re-balancing and yielding more extreme portfolio allocations, and, consequently, increasing transaction costs (Kirby and Ostdiek, 2012) . On the other hand, these models can accommodate stylized facts of financial time series such as heteroskedasticity and excess kurtosis.
In this paper we shed light on the lack of consensus in the literature regarding which is the most appropriate approach to model covariances in a realistic scenario in which: i) There are many assets, ii) Transaction costs are properly taken into account, and iii) There is frequent portfolio re-balancing.
Our main goal is to evaluate: i) How the increase in proportional transaction costs impacts portfolio performance measured by risk-adjusted returns net of transaction costs and ii) How this information can be used in order to help investors to select the most appropriate covariance specification.
Our paper is related to previous studies in the literature of covariance modeling for portfolio selection problems such as , Becker et al. (2014) , and Zakamulin (2014) . evaluate the performance of alternative dynamic covariance specifications belonging to the multivariate GARCH family and conclude that tightly parameterized models generally perform better when evaluated with economically meaningful criteria. Becker et al. (2014) study the ability of different loss functions to discriminate between a set of competing forecasting models which are subsequently applied in a portfolio allocation context. None of the studies, however, consider the impact of transaction costs and employ only one portfolio selection policy. We add to this literature by not only taking into account the presence of transaction costs but also considering a broader set of portfolio policies.
It is also worth mentioning that the estimation of expected returns also plays its part in portfolio selection. There is evidence, however, suggesting that employing predictive models for expected returns based on autoregressive structures leads to portfolios with very high turnovers that might compromise their usage in real situations; see, for example, DeMiguel et al. (2009a) and DeMiguel et al. (2014) . Because of that, the present work considers less parameterized alternatives. Specifically, we: i) Estimate expected returns either unconditionally via sample means or ii) Assume that a multi-factor conditional version of the capital asset pricing model (CAPM) holds, which implies that the cross-sectional variation in conditional expected excess returns is due to cross-sectional variation in conditional betas.
In our empirical exercise we implement 11 different covariance models to generate a set of 16 portfolios from different asset selection strategies in a high dimensional sample composed by the 69 stocks belonging to the S&P100 index from 1990 to 2014. We choose 3 popular static models based on shrinkage methods proposed in Ledoit and Wolf (2004) , Ledoit and Wolf (2003a) and Ledoit and Wolf (2003b) . In short, these models shrink the sample covariance matrix, which is an unbiased estimator but more prone to estimation error, towards alternative structured covariance estimators that are biased but less prone to estimation error. In this case, the target matrices are the identity matrix, constant correlation matrix and market factors matrix, respectively. The remaining 8 specifications belong to the class of dynamic covariance models models from the multivariate GARCH family: the exponentially weighted moving average (EWMA), the optimal rolling estimator (ORE) of Foster and Nelson (1996) , the scalar VECH model of Bollerslev et al. (1988) , the orthogonal GARCH (O-GARCH) from Alexander (2001) , the constant conditional correlation (CCC) model of Bollerslev (1990) , the dynamic conditional correlation model (DCC) proposed by Engle (2002) , and its asymmetric version (ASYDCC) proposed in Cappiello et al. (2006) . Each of these specifications are detailed in Section 3.
The alternative covariance specifications are used to obtain a set of portfolio policies including alternative formulations of the mean-variance policy such as those that alleviate estimation risk by imposing short-sales restrictions (Jagannathan and Ma, 2003) and norm restrictions (DeMiguel et al., 2014) . We also implement a second group of portfolio policies that aims at reducing estimation risk by ignoring off-diagonal covariance elements such as those proposed in Kirby and Ostdiek (2012) . These policies retain the most appealing features of the 1/N strategy extensively studied in DeMiguel et al. (2009b) (no optimization, no covariance matrix inversion, and no short sales) while exploiting sample information about the reward and risk characteristics of the assets under consideration. A detailed statistical and economic evaluation of the resulting optimal portfolios is conducted and the differences in portfolio characteristics are tested based on the bootstrap procedure of Politis and Romano (1994) , which enables a formal comparison of portfolio policies in terms of their risk and risk-adjusted returns.
Our results leave three most important messages. First, the choice of the covariance model is critical to the performance of a portfolio policy. For instance, we find the risk-adjusted performance measured by the Sharpe ratio can vary from -0.20 to 0.02 within the same portfolio policy by changing the covariance model used to obtain portfolio weights. Second, we find that the choice of the most appropriate covariance specification for the portfolio selection problems considered in the paper is substantially impacted by the presence and the level of transaction costs. We find that, in the absence of transaction costs, dynamic covariance models performed similarly with respect to their static counterparts in terms of risk-adjusted returns. However, as we move to more realistic scenarios in which transaction costs are properly taken into account, we find that static covariance models clearly outperform in the vast majority of instances. Specifically, Sharpe ratios based on portfolio returns net of transaction costs of 20 basis points (bp) are roughly five times higher on average when static covariance models are adopted in comparison to those obtained with dynamic models. This difference in riskadjusted performance becomes even higher when transaction costs of 50 bp are considered. A closer examination reveals that these differences in risk-adjusted performance are mainly driven by a much higher level of portfolio turnover when dynamic covariance models are used to implement the portfolio policies. Finally, we find that a risk-averse investor with quadratic utility function is willing to pay an annualized fee of 291 bp on average in order to switch from the dynamic covariance models to a static covariance specification when the level of transaction costs is 20 bp.
The results reported in the paper are to a large extent in contrast to those reported in Zakamulin (2014) , who finds that dynamic covariance models leads minimum variance portfolios with better performance in comparison to those obtained with static covariance specifications. While we corroborate the finding that, on average, dynamic covariance specifications outperform static ones in terms of portfolio risk, we provide a more comprehensive evaluation of the resulting portfolio characteristics by: i) Considering a data set with higher dimension with respect to those considered in Zakamulin (2014) ,
ii) Implementing a higher number of portfolio policies and covariance specification,
iii) Evaluating portfolios on the basis of gross returns, risk, risk-adjusted returns, and a performance fee for a risk-averse investor with quadratic utility function, and iv) Taking into account the presence and the impact of portfolio turnover as well as alternative levels of transaction costs.
The work of Zakamulin (2014) neglects the impact of transaction costs when evaluating the performance of portfolios obtained with alternative covariance specifications. Our results suggest that taking into account the presence of transaction costs is of paramount importance since some covariance specifications lead to a much higher level of portfolio turnover than others, which ends up affecting to a large extent the risk-adjusted performance net of transaction costs as well as the overall assessment of which is the most appropriate covariance specification for the portfolio selection problem. The remainder of the document is organized this way: section 2 details the portfolio selection policies considered in the paper. Section 3 describes the dynamic and static covariance models. Section 4 discusses the methodology used to evaluate portfolio performance. Section 5 details the empirical exercise carried out. Finally, Section 6 concludes.
Portfolio selection methods
Consider an investment universe with N assets A 1 , A 2 , . . . , A N with uncertain future returns R 1 , R 2 , . . . , R N . Let R be the return vector:
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The expected return vector µ = E (R) contains as its elements
The covariance matrix of the returns, Σ = V ar(R), contains as its elements σ ii = σ 2 i and σ ij = σ ji = ρ ij σ i σ j (for i = j), where σ i is R i standard deviation and ρ ij is the correlation between the returns of assets A i and A j (for i = j). The covariance matrix Σ is symmetric and written as:
All valid covariance matrices are positive semi-definite, or equivalently, all eigenvalues are non-negative. A portfolio is represented by the N -dimensional vector w, such that:
and w i is the share of total wealth invested in asset A i . The portfolio return R p is linearly dependent of these weights and it is the weighted average of the returns of each asset involved, where the weight of each asset is the portfolio share invested in the asset, i.e.:
Therefore, the expected portfolio return, µ p , is the weighted average of each asset expected return and the portfolio variance σ 2 p is a quadratic function of the weight vector. We can denote these quantities by:
Policies
Assume that there are N risky assets with expected returns µ t and covariance matrix Σ t . Suppose that there is no risk free asset and that the investor need to allocate all his wealth among the N risky assets. The portfolio policies considered in the paper are those in which µ t and Σ t are plugged into the analytical or numerical solution for the investor's optimization problem. Next, we detail the portfolio selection policies considered in our empirical exercise.
Mean-variance and minimum variance. The mean-variance portfolio described by Markowitz (1952) is of paramount importance in any study about portfolio selection. To solve the mean-variance trade-off between risk and return the investor needs to find the weight vector that satisfies:
where γ > 0 represents the investor's level of relative risk aversion and e is a vector of ones.
R is the vector of expected returns, where T is the length of the estimation window. The specification of the covariance matrix Σ t depends on whether we are using a dynamic or a static model; see Section 3. The component w t Σ t w t represents the portfolio risk. The component w t µ t represents the portfolio return. We follow DeMiguel et al. (2009a) and set γ = 1. 1 We refer to this formulation as the unrestricted mean-variance (MeVU) portfolio.
When considering the case where the investor risk aversion tends to the infinity (γ → ∞) the problem can be represented as
In this case, the investor only cares about reducing the portfolio risk, without considering the expected return. This is an important portfolio policy since expected returns is subjected to more estimation errors when compared to the estimation of covariances (Merton, 1980) . We refer to it as the unrestricted minimum variance portfolio (MiVU).
One popular variation of the traditional mean-variance formation is to include a constraint on short-sales. Jagannathan and Ma (2003) show that including this restriction alleviates estimation error in portfolio weights. The constrained-version formulation for the mean-variance problem can be specified as
where the restriction w t ≥ 0 represents the short-sale restriction. We refer to it as the restricted mean-variance (MeVC) portfolio . Similarly, the restricted minimum variance (MiVC) portfolio is given by:
Norm-constrained mean-variance. We follow DeMiguel et al. (2014) and consider a class of mean-variance portfolios with norm restriction (NCMV) given by:
s.t. w t e = 1 (7)
where w 0t is the vector of weights of the MeVC portfolio and δ is the maximum deviation from the norm. The norm restriction requires that the weights of this portfolio remain close to the weights of the MeVC portfolio, as the aggregate absolute distance between the weights cannot be greater than the norm. We follow DeMiguel et al. (2014) and use the 1-norm in relation to the restricted mean-variance. Moreover, we consider the maximum deviation to the norm, δ, to be equal to 2.5%, 5.0% and 10.0%. We refer to these portfolios as NCMV2.5, NCMV5, and NCMV10, respectively.
Volatility timing and reward-to-risk. We implement the volatility timing (VT) portfolio policy proposed in Kirby and Ostdiek (2012) . These policies greatly simplify the computation of optimal weights by setting off-diagonal covariance elements equal to 0 and therefore reducing estimation error. The VT policy assumes that portfolio weight in the i th asset is inversely proportional to its estimated variance, i.e.,ŵ
whereσ it is the volatility of the i th asset. The parameter η measures the aggressiveness of the allocation. The tuning parameter η ≥ 0 determines how aggressively we adjust the portfolio weights in response to changes in the assets' variances. As η → 0 we recover the equally-weighted portfolios, and as η → ∞ the weight on the asset with lowest variance approaches 1. Thus, large values of η, can shrink the portfolio weights towards the less risky assets. We follow Kirby and Ostdiek (2012) and considered η equals to 1, 2 and 4 thus yielding the VT1, VT2, and VT4 policies, respectively. Kirby and Ostdiek (2012) also put forward a variation of the VT policy in order to take into account information about conditional expected returns, and therefore selecting assets according to their risk-return trade-off. The reward-to-risk (RwR) policy is defined aŝ
R i where T is the length of the estimation window. We follow Kirby and Ostdiek (2012) and implement the RwR polcy by considered η equals to 1, 2 and 4 thus yielding the RwR1, RwR2, and RwR4 policies, respectively.
Finally, we also consider a variation of the RwR policy that aims at improving the estimation of expected returns by considering a factor model. One immediate choice is to assume that that a conditional version of the capital asset pricing. The conditional CAPM implies that the cross-sectional variation in conditional expected excess returns is due to cross-sectional variation in conditional betas. This approach, however, can also be extended to multiple risk factors. The resulting weights for the RwR strategy iŝ
β ij,t is the average conditional beta of asset i with respect to the K factors. To implement this policy, we consider the 4-factor model proposed by Carhart (1997) as an extension to the 3-factor model proposed by Fama and French (1992) . Similar as in the VT policies, we considered η equals to 1, 2 and 4 thus yielding the RwR4F1, RwR4F2, and RwR4F4 policies, respectively.
Covariance Specifications
In this Section we describe the alternative approaches we use to model covariances in our empirical exercise. We initially describe the static models based of the shrinkage methods proposed in Wolf (2003a,b, 2004) . Later, we describe the dynamic specifications based on the multivariate GARCH family.
Shrinkage methods
The shrinkage method used to model covariances is based on the bias-variance trade-off. The method considers that a way to obtain a better covariance estimator is to simply take a weighted average between a biased estimator, with little estimation error, and an unbiased one, but with a lot of estimation error. This process is refereed to as the shrinkage of an unbiased estimator towards a target, represented by the biased estimator. This idea can be summarized as
where 0 ≤δ ≤ 1 is the estimated shrinkage intensity, F is usually a highly structured covariance matrix, and S is an unstructured estimator. The sample covariance matrix estimated asŜ t = (1/T )
is most frequently used as this unstructured estimator. The structured estimator usually reflects important characteristics of the variable being estimated. We considered as target covariances those considered in Wolf (2003a,b, 2004) . One appealing aspect of the these shrinkage methods is that the computation of the shrinkage intensityδ is based on closed form expressions. A description of these expressions can be found in Wolf (2003a,b, 2004) . Ledoit and Wolf (2004) derive closed-form solution for the shrinkage intensitŷ δ for a very simple and intuitive target structured estimator: the identity matrix. In this case, F t = I in (11). Because of its simplicity, we pick this specification as a benchmark in order to compare the relative efficiency of the alternative strategies according to the methodology discussed in Section 4. Ledoit and Wolf (2003a) uses a model of constant correlation between the assets in order to define the target structured estimator F . To define this covariance matrix, let S t be the sample covariance and s ij,t be the element of S t at row i and column j. So the sample correlation is defined as r ij,t = s ij,t / √ s ii,t s jj,t , whose
r ij,t . Therefore, the constant correlation matrix F t can be obtained using the sample variances and the sample average correlation, i.e. f ii,t = s ii,t and f ij,t =r t √ s ii,t s jj,t , where f ij,t be the element of F t at row i and column j. Ledoit and Wolf (2003b) assume an one factor market model for the return of asset j at time t:
where r M,t is the market index return at time t, β j is the load on the market factor, α j is the intercept and j,t is the error. Assuming that r M,t and j,t are uncorrelated and that i,t and j,t are uncorrelated for i = j, the structured target covariance matrix is defined as
where B is the vector of βs, s m,t is the sample variance of r M,t and D t in the diagonal matrix consisting of the variance of the sample errors.
Multivariate GARCH models
The conditional covariance models considered in this paper belong to the class of multivariate GARCH models. For that purpose, we assume that the multivariate system of asset returns is conditionally heteroskedastic and follows R t = z t (Σ t ) 1/2 . To model Σ t , we implement 8 specifications commonly used in portfolio selection problems such as those employed in and Becker et al. (2014) . Next we briefly describe each of the conditional covariance specification employed in the paper.
Exponentially weighted moving average (EWMA). The EWMA model is defined as
where α is a non-negative parameter. When the α is set to a fixed value of 0.04, the EWMA is equivalent to the popular Riskmetrics approach. Zaffaroni (2008) shows that although it permits sizable computational gains and provide a simple way to impose positive semi-definiteness of the resulting conditional covariance matrices, the Riskmetrics delivers non-consistent estimates. Therefore, in our implementation of the EWMA specification the parameter α is estimated via maximum likelihood; see details below.
Optimal rolling estimator (ORE).
The general rolling estimator is defined as
where Ω t−k is a symmetric matrix of weights and denotes the element-by-element multiplication. This structure admits a wide range of potential weighting schemes. Foster and Nelson (1996) show that the optimal strategy is to let the weights decline in an exponential fashion as the magnitude of k increases. Their procedure, however, implies a different decay rate for each element of the conditional covariance matrix Σ t . Because this makes it difficult to ensure that the resulting matrix is positive definite, we follow Fleming et al. (2001 Fleming et al. ( , 2003 and impose the restriction Ω ij,t = Ω t for all i and j. In this case, the optimal weighting scheme is given by Ω t−k = α exp (−αk) ι ι where α is the decay rate and ι is a vector of ones. Therefore, the rolling estimator can be rewritten as
where α is a nonnegative parameter which is estimated via maximum likelihood; see details below. In (13) a single parameter (α) controls the rate at which the weights decay with the lag length. This parsimony facilitates estimation specially when the dimension is high. The ORE specification has been applied in many portfolio selection problems such as in Fleming et al. (2001 Fleming et al. ( , 2003 and Pooter et al. (2008) . Fleming et al. (2003) , in particular, point out that covariance matrix forecasts based on the ORE specification results in better portfolios in comparison to those obtained with other (unrestricted) multivariate GARCH models. The authors argue that the smoothness of the rolling estimator as the main reason for this.
Scalar VECH. The scalar VECH specification of Bollerslev et al. (1988) is defined as
Instead of estimating N (N + 1)/2 unique elements of C, we employ the variance targeting technique as suggested in Engle and Mezrich (1996) . The general idea is to estimate the intercept matrix by an auxiliary estimator that is given bŷ
R t R t , thus yielding the variance-targeting scalar VECH model
which is covariance-stationary provided that α + β < 1.
Orthogonal GARCH (O-GARCH).
The O-GARCH model of Alexander (2001) belongs to a class of factor models and is able to achieve significant computational gains via dimensionality reduction. The O-GARCH model is given by Σ t = W Ω t W , where W is a N × k matrix whose columns are given by the first k eigenvectors of the t × N matrix of asset returns, and Ω t is a k × k diagonal matrix whose elements are given by h f kt where h f kt is the conditional variance of the k-th principal component and follows a GARCH(1,1) process. We follow and implement the O-GARCH model using 3 principal components.
Conditional correlation models. This class of models is defined as H t = D t Ψ t D t , where D t is a N ×N diagonal matrix with diagonal elements given by h i,t , where h i,t is the conditional variance of the i-th asset and follows a GARCH(1,1) process, and Ψ t is a symmetric conditional correlation matrix with elements ρ ij,t , where ρ ii,t = 1, i, j = 1, . . . , N . We consider 4 alternative specifications to model Ψ t : (i) the constant conditional correlation (CCC) model of Bollerslev (1990) , (ii) the dynamic conditional correlation (DCC) model of Engle (2002), (iii) the asymmetric DCC (ASYDCC) of Cappiello et al. (2006) , (iv) the dynamic equicorrelation (DECO) model of Engle and Kelly (2012) . Engle and Colacito (2006) and study the performance of alternative conditional correlation models in portfolio selection problems.
Multivariate GARCH models are typically estimated via quasi maximum likelihood (QML). However, this estimator is found to be severely biased in large dimensions; see, for instance, and Hafner and Reznikova (2012) . In this paper, the parameters of the EWMA, ORE, and VECH specifications are estimated with the composite likelihood (CL) method proposed by . As for the conditional correlation models, their estimation can be conveniently divided into volatility part and correlation part. The volatility part refers to estimating the univariate conditional variances which is done by QML assuming Gaussian innovations. The parameters of the correlation matrix in the DCC and ASYDCC models are estimated using the CL method. As pointed out by , the CL estimator provides more accurate parameter estimates in comparison to the two-step procedure proposed by Engle (2002) , especially in large problems.
Methodology for Evaluating Portfolio Performance
To implement the portfolio policies described in Section 2 alongside the covariance models discussed in Section 3, we adopt a recursive estimation approach based on rolling windows that works as follows. First, we use an initial estimation window of T = 2000 daily observations to estimate all covariance models (11 models). As for the dynamic ones, we also obtain one-step-ahead forecasts of the conditional covariance matrix for the period 2001. Second, we implement each of the portfolio policies (16 in total) using each of the estimated covariances, therefore yielding a total of 16 × 11 = 176 different portfolios. Third, we discard the oldest observation and add one observation to the estimation window and repeat this process until the end of the data set is reached. We end up with a sample of L − T pseudo out-of-sample observations, where L is the length of the data set, which are used to evaluate the performance of each of the 176 portfolios. Portfolios are re-balanced on a daily basis.
Holding the portfolio w t for one day gives the out-of-sample portfolio return at time t + 1: R p,t = w t R t+1 where R t+1 is the vector of asset returns. We use the time series of out-of-sample portfolio returns and weights of each portfolio policy described in Section 2 to evaluate the performance in terms of average return (μ) and standard deviation (volatility) of returns ( σ). These statistics are calculated as follows:
where R p is the realized portfolio average return.
A crucial aspect that must be taken into account is the impact of transaction costs on the performance of optimal portfolios (Han, 2006) . As Kolm et al. (2014) points out, transaction costs consist of direct costs, such as commissions and taxes, bid-ask spread, and indirect costs, such as slippage. As in OlivaresNadal and DeMiguel (2015), for small trades, which do not impact the market price, the transaction cost is assumed to proportional to the amount traded on each asset. To take into account the impact of proportional transaction costs, we follow Della Corte et al. (2008) and Thornton and Valente (2012) and compute the portfolio return net of transaction costs (R net p,t ). This calculation is performed as R net
where c is the fee that must be paid for each transaction and turnover t is the portfolio turnover at time t, defined as the fraction of wealth traded between periods t and t + 1, i.e
To compute (15), it is necessary to set an appropriate value for the transaction cost c. French (2008) estimates how much Americans spend on transaction costs each year for different active investing options, and compare it with the cost of passive investing. He finds that Americans spend 21 basis points (bp) in total trading, as a fraction of the total portfolio. Therefore, in order to evaluate the impact of transaction costs on the performance of the alternative portfolio selection policies, we follow Kirby and Ostdiek (2012) and consider three alternative scenarios of transaction costs: 0 bp (no transaction costs), 20 bp (intermediate level of transaction costs), and 50 bp (high level of transaction costs).
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Upon computing the average and the standard deviation of the portfolio return net of transaction costs for based on each of the three levels of transaction costs considered in the paper, we compute the average portfolio turnover over all observations as well as the risk-adjusted portfolio return net of transaction costs measured by the Sharpe ratio (SR), which is defined as
whereR p net and σ net are, respectively, the average and the standard deviation of portfolio returns net of transaction costs.
In order to assess the relative performance of portfolios obtained with dynamic covariance models with respect to those obtained with the benchmark PARA specification, we implement the stationary bootstrap of Politis and Romano (1994) with B=1000 resamples and block size b = 5 to test the statistical significance of differences between standard deviations and Sharpe ratios relative to the benchmark. The methodology suggested in Ledoit and Wolf (2008, Note 3 .2) was used to obtain p-values.
Finally, we also follow Fleming et al. (2001) and Kirby and Ostdiek (2012) and use a utility-based approach to measure the value of the performance gains associated with employing a given portfolio strategy along with a specific choice for the covariance model. We assume the investor has a quadratic utility function given by:
where R p,t = w t−1 R t is the portfolio return, γ is the investor's relative risk aversion and W 0 is the initial wealth. In order to compare two alternative portfolio strategies (R p1 and R p2 ), we determine the maximum performance fee a riskaverse investor would be willing to pay to switch from using one portfolio policy to another. That is, we determine the value of ∆ such that
This constant represents the maximum return the investor would be willing to sacrifice each period in order to capture the performance gains associated with switching to the second portfolio policy/covariance model. We report the value of ∆ as an annualized basis point fee for an investor with risk aversion coefficient γ = 1.
Empirical evaluation

Data
Our empirical exercise is based on a sample composed of all stocks belonging to the S&P100 index between 01/01/1990 and 31/12/2013. This leaves us with 69 stocks. The sample goes through periods of growth, recession and economic recovery, including periods of high and low market volatility, so that we do not restrict the results to a specific sample characteristic. The sample contains 6297 observations with daily data of returns, computed as the logarithmic difference of the closing prices. We report in Table 13 descriptive statistics for the sample used in the paper.
Results
The presentation of the results is organized in five parts to facilitate the analysis and discussion. Initially, we discuss the performance of each portfolio strategy in terms of gross returns. Second, we present the results in terms of portfolio risk measured by the standard deviation of returns. Third, we report the results for the portfolio turnover. Fourth, we discuss the results in terms of risk-adjusted portfolio returns measured by the SR for alternative levels of transaction costs. Finally, we report the annualized performance fee that a risk-averse investor with quadratic utility adopting a given portfolio policy is willing to pay in order to use the PARA static covariance specification of Ledoit and Wolf (2004) . In each part, we report the results for the portfolio policies obtained with dynamic covariance models as well as those obtained with static covariance models. To facilitate the exposition of results, we refer to each portfolio policy and each covariance model using the acronyms detailed in Tables 11 and 12 in the Appendix, respectively.
Portfolio gross returns. Table 1 shows the average gross returns (i.e. before transaction costs) obtained by each portfolio policy and the corresponding covariance model used. In the vast majority of instances, average gross returns obtained using dynamic specifications is either similar or lower with respect to those obtained with static specifications. One exception is the dynamic OGARCH specification, which delivered the best overall result in terms of average gross returns across portfolio policies (0.036%). This figure, however, is very similar to the one obtained with the benchmark PARA specification (0.035%). Table 2 reports the standard deviation of the gross portfolio returns for each portfolio policy. For each policy, we denote with an asterisk (*) the instances in which the standard deviation of a portfolio obtained with a given covariance specification is statistically different with respect to the one obtained with the benchmark PARA specification according to the test based on the stationary bootstrap of Politis and Romano (1994) at the level Table 1 Portfolio gross returns
Portfolio standard deviation.
The table reports the daily average gross return (i.e. before transaction costs) obtained by the each portfolio policy alongside each covariance model over the out-of-sample period. Figures are reported in percentages. The portfolio policies are described in Section 2 whereas the covariance models are described in Section 3. The description of each acronym for the portfolio polices and for the covariance models are reported in Tables 11 and 12 . of 5%. The results suggest that, on average, dynamic covariance specifications delivered portfolios with lower risk in comparison to those obtained with static ones. In particular, we find that the dynamic ORE specification outperformed all competing approaches in terms of portfolio risk. We also find that the group of mean-variance policies delivered portfolios with lower risk with respect to the group of volatility-timing and reward-to-risk timing portfolios.
Turnover. The turnover obtained for each portfolio policy is reported in Table  3 . The most striking result is that all portfolios obtained with dynamic covariance models displayed substantially higher turnover in comparison to those obtained with their static counterparts. For instance, when obtaining portfolios according to the MeVU policy, dynamic covariance obtained an average turnover of 0.29, whereas the same figure for the static covariance models is 0.03. On average, an investor adopting dynamic covariance specifications has to re-balance 11% of her portfolio each period, whereas the same figure for an investor adopting static specifications is 1.5%. We also observe that:
i) Constrained mean-variance policies displayed lower turnovers with respect to unconstrained policies, and ii) Policies that ignore off-diagonal covariance elements, such as VT and RwR policies, also achieved lower turnover with respect all mean-variance policies.
It is also interesting to match the results in Table 3 with those reported in Table 2. We observe that portfolios with lower levels of risk are obtained at the cost of increased trading activity as revealed by their higher level of turnover.
Risk-adjusted performance based on Sharpe ratios. We now consider the performance of portfolio policies in terms of risk-adjusted portfolio returns measured by the SR. In order to take into account the impact of portfolio turnovers reported in Table 3 we compute SRs considering portfolio returns net of transaction costs of 0 bp, 20 bp, and 50 bp. In each case, we indicate with an asterisk (*) the instances in which the SR is statistically different with respect to the one obtained with the static covariance model PARA according to the test based on the stationary bootstrap of Politis and Romano (1994) at the level of 5%. Table 4 reports the SR in the absence of transaction costs. We observe a pattern similar to that of the average gross returns reported in Table 1 , with the dynamic covariance specifications performing similarly to their static counterparts in the majority of instances. However, we observe that some of the dynamic specifications underpeform in the case of the MeVU, MiVC, MeVC, and NCMV policies. We also find that there is no substantial difference in the risk-adjusted performance of the portfolios obtained with the alternative static covariance models.
We report in Table 5 the SR when transaction costs of 20 bp are taken into account in the computation of risk-adjusted returns. This level of transaction costs is Table 2 Standard deviation of portfolio returns
The table reports the standard deviation of portfolio gross returns obtained by the each portfolio policy alongside each covariance model over the out-of-sample period. Figures are reported in percentages. The portfolio policies are described in Section 2 whereas the covariance models are described in Section 3. The description of each acronym for the portfolio polices and for the covariance models are reported in Tables 11 and 12 . Asterisks indicates the instances in which the portfolio standard deviation is statistically different with respect to the one obtained with the static covariance model PARA according to the test based on the stationary bootstrap of Politis and Romano (1994) at the level of 5%. Table 3 Portfolio turnover
The table reports the portfolio turnover obtained by the each portfolio policy alongside each covariance model over the out-of-sample period. Figures are reported in percentages. The computation of turnovers is described in Section 4. The portfolio policies are described in Section 2 whereas the covariance models are described in Section 3. The description of each acronym for the portfolio polices and for the covariance models are reported in Tables 11 and 12 . Table 4 Sharpe ratios in the absence of transaction costs
The table reports the portfolio SR obtained by the each portfolio policy alongside each covariance model over the out-of-sample period. Figures are reported in percentages. The level of trasaction costs is 0 bp. The computation of portfolio returns net of transaction costs is described in Section 4. The portfolio policies are described in Section 2 whereas the covariance models are described in Section 3. The description of each acronym for the portfolio polices and for the covariance models are reported in Tables   11 and 12 . Asterisks indicates the instances in which the SR is statistically different with respect to the one obtained with the static covariance model PARA according to the test based on the stationary bootstrap of Politis and Romano (1994) at the level of 5%. consistent with the estimate of French (2008) , who finds that Americans spend 21 basis points (bp) in total trading, as a fraction of the total portfolio. We observe that in none of the instances dynamic covariance specifications delivered higher SR in comparison to those obtained with static covariance models. Portfolios obtained with static covariance models consistently outperformed those obtained with dynamic counterparts. This sharp decrease in risk-adjusted performance net of transaction costs obtained with dynamic covariance models is mostly explained by the presence of a much higher turnover when compared to static covariance models as reporter in Table 3 . In fact, we observe that many SR obtained with dynamic models turned out to the negative once an intermediate level of transaction costs are taken into account. In contrast, the SR of portfolio policies obtained with static covariance models were little affected by the presence of transaction costs. Finally, we report in Table 6 the SR when transaction costs of 50 bp are taken into account, which corresponds to a scenario of high transaction costs. The results are similar to those reported in Table 5 . The figures reveal that dynamic covariance models underperformed static ones in the vast majority os instances instances. One exception is the dynamic ORE specification, which delivered VT and RwR portfolios with statistically similar performance with respect to those obtained with the static specifications. This result is mainly due to the fact that this specification achieved the lowest level of portfolio turnover among all dynamic specifications, as reported in Table 3 . We observe that in all remaining cases, the risk-adjusted performance of portfolios obtained with dynamic covariance models are substantially affected by the presence of high transaction costs and underperformed those obtained with static models.
Strategy
It is also worth analyzing the comparative performance in terms of risk-adjusted returns among alternative portfolio policies when transaction costs are taken into account. The results reported in Tables 4 to 6 leave three key messages. First, constrained versions of the mean-variance policies performed better than the unconstrained ones. This result is in line with those reported in Jagannathan and Ma (2003) and in DeMiguel et al. (2009a) . Second, when adopting dynamic covariance models, we find that portfolio policies that ignore off-diagonal covariance elements such as the VT and RwR policies of Kirby and Ostdiek (2012) perform better than those than consider the full covariance structure. This result suggests that the estimation error in off-diagonal covariance elements plays an important role in the performance of portfolio policies that rely on this type of covariance specifications. Therefore, if the investor has an a priori preference for a given dynamic covariance specification, than he or she would be better off by adopting portfolio policies such as the VT and RwR policy in detriment of the mean-variance policies. Third, we find that both mean-variance and VT-RwR policies performed similarly when considering static covariance specifications.
Finally, it is worth comparing the performance of the alternative portfolio selec- Table 5 Sharpe ratios based on portfolio returns under transaction costs of 20 bp
The table reports the portfolio SR obtained by the each portfolio policy alongside each covariance model over the out-of-sample period. Figures are reported in percentages. The level of trasaction costs is 20 bp. The computation of portfolio returns net of transaction costs is described in Section 4. The portfolio policies are described in Section 2 whereas the covariance models are described in Section 3. The description of each acronym for the portfolio polices and for the covariance models are reported in Tables   11 and 12 . Asterisks indicates the instances in which the SR is statistically different with respect to the one obtained with the static covariance model PARA according to the test based on the stationary bootstrap of Politis and Romano (1994) at the level of 5%. Table 6 Sharpe ratios based on portfolio returns under transaction costs of 50 bp
The table reports the portfolio SR obtained by the each portfolio policy alongside each covariance model over the out-of-sample period. Figures are reported in percentages. The level of trasaction costs is 50 bp. The computation of portfolio returns net of transaction costs is described in Section 4. The portfolio policies are described in Section 2 whereas the covariance models are described in Section 3. The description of each acronym for the portfolio polices and for the covariance models are reported in Tables   11 and 12 . Asterisks indicates the instances in which the SR is statistically different with respect to the one obtained with the static covariance model PARA according to the test based on the stationary bootstrap of Politis and Romano (1994) at the level of 5%. tion with that of a representative value-weighted market index. This comparison is useful since the index is a diversified portfolio and, on top of that, has no portfolio turnover for the investor and can be traded in the market. For that purpose, we report in Table 7 the mean return, standard deviation of returns, and the SR of the S&P100 index during the out-of-sample period of our analysis. We observe that the SR of the S&P100 index is 0.013. This figure is substantially lower with respect to the SR obtained with alternative portfolio policies based on static models, even in the presence of realistic levels of transaction costs. For instance, the average SR across alternative portfolio policies obtained with static covariance models is 0.032 when the level of transaction cost is 20 bp, which is more than twice the one achieved by the market index. However, when comparing the riskadjusted performance of the S&P100 index with respect to those of the portfolio policies based on dynamic models, we reach an opposite conclusion. Specifically, we find that portfolio policies based on dynamic covariance models yields a superior SR in comparison the market index only in the absence of transaction costs. When transaction costs are taken into account, then the index outperforms the majority of portfolio policies based on dynamic covariance models. This result is consistent with the finding that the high level of portfolio turnover associate to dynamic models leads to a sharp deterioration of the risk-adjusted performance net of transaction costs. Performance fee for a risk-averse investor with quadratic utility. We report in Tables 8, 9 , and 10 the annualized performance fee that a risk-averse investor with quadratic utility and risk aversion coefficient γ = 1 adopting a given portfolio policy is willing to pay in order to employ the PARA static covariance specification of Ledoit and Wolf (2004) under the presence of 0 bp, 20 bp, and 50 bp transaction costs, respectively. Negative (positive) figures suggest that the pair portfolio policy/covariance model outperform (underperform) the pair portfolio policy/PARA covariance specification. The results are reassuring and corroborate to a large extent those reported in Tables 1 to 6 . We find that even in the absence of transaction costs, the investor is willing to pay an average of 54 bp per year on average across portfolio policies and dynamic covariance specifications in order to switch to the benchmark static covariance specification. The exception is the OGARCH, for which the investor is willing to pay an average of 13 bp per year to adopt that specification. In the presence of transaction costs of 20 bp, the results in Table 9 reveal that the investor is willing to pay an average annual fee of 291 bp in order to switch to the PARA static covariance specification. This figure is further increased to an average of 647 bp when the level of transaction costs is 50 bp.
Concluding Remarks
The literature still lacks consensus regarding what is the best way to model the covariance matrix of asset returns for high dimensional portfolio selection problems. This work adds to this discussion by comparing the most popular alternatives in a realistic scenario in which:
i) There exists many assets, ii) Transaction costs are taken into account, and iii) There is frequent portfolio re-balancing.
We find that in the absence of transaction costs, dynamic covariance deliver optimal portfolios with similar performance with respect to their static counterparts in terms of average gross returns as well as in terms of risk-adjusted returns. As we move to more realistic scenarios in which transaction costs are properly taken into account, we find that static covariance models clearly outperform in the vast majority of instances. Specifically, average Sharpe ratios based on portfolio returns net of transaction costs of 20 basis points (bp) are roughly five higher when static covariance models are adopted in comparison to those obtained with dynamic models. This difference in risk-adjusted performance becomes even higher when transaction costs of 50 bp are considered. A closer examination reveals that these differences in risk-adjusted performance are mainly driven by a much higher level of turnover obtained when dynamic covariance models are used to implement the portfolio policies. Table 8 Performance fee to switch to the static PARA covariance specification in the absence of transaction costs
The table reports the performance fee that a risk-averse investor with quadratic utility adopting a given portfolio policy is willing to pay in order to use the PARA static covariance specification of Ledoit and Wolf (2004) . Figures are reported in annualized basis points. The level of transaction costs is 0 bp. The portfolio policies are described in Section 2 whereas the covariance models are described in Section 3. The description of each acronym for the portfolio polices and for the covariance models are reported in Tables   11 and 12 . Table 9 Performance fee to switch to the static PARA covariance specification in the presence of 20 bp transaction costs
The table reports the performance fee that a risk-averse investor with quadratic utility adopting a given portfolio policy is willing to pay in order to use the PARA static covariance specification of Ledoit and Wolf (2004) . Figures are reported in annualized basis points. The level of transaction costs is 20 bp. The portfolio policies are described in Section 2 whereas the covariance models are described in Section 3. The description of each acronym for the portfolio polices and for the covariance models are reported in Tables   11 and 12 . Table 10 Performance fee to switch to the static PARA covariance specification in the presence of 50 bp transaction costs
The table reports the performance fee that a risk-averse investor with quadratic utility adopting a given portfolio policy is willing to pay in order to use the PARA static covariance specification of Ledoit and Wolf (2004) . Figures are reported in annualized basis points. The level of transaction costs is 50 bp. The portfolio policies are described in Section 2 whereas the covariance models are described in Section 3. The description of each acronym for the portfolio polices and for the covariance models are reported in Tables   11 and 12 . 
